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A Result On Coincidence Points

Saleh A. Al-Mezel And Abdulah E. Al-Mazrooes

Department of Mathematics
King Abdul Aziz University
P.O.Box 80203, Jeddah-21589
Saudi Arabia

Abstract: In this paper we prove a coincidence point result in the setting of metric
spaces under some general contractive condition. Consequently, we improve and

generalize various known results existing in the literature.

1. Introduction and Preliminaries

Using the concept of Hausdorff metric, many authors have proved fixed point
and coincidence point results in the setting of metric spaces. For example, using the
Hausdorff metric, Nadler {14} has introduced a notion of multivalyed contraction
maps and proved a multivalued version of the Banach contraction principle which
states that each multivalued contraction map on a complete metric space with values
as closed bounded subsets of. the space, has a fixed point. Since then various fixed
point results concerning multivalued contractions have been appeared. For example,
see [1-3,5,7,13,15]. In [8], Kaneko has generalized a notion of multivalued
contraction maps by introducing a notion of multivalued f-contractions and proved
coincidence point result for such maps with commutativity condition, extending the
corresponding results of Jungek !6], Nadler [14] and others. This result has been
generalized in different directions. For examﬁie, see [10,12,16}. Among others, Latif
and Beg [11] have proved a coincidence point result for non-comynuting maps, which

1s an improved version of the result of Kaneko [81.

In this paper we prove a coincidence point result under some general
contractive condition, which generalizes the corresponding results of Latif and Beg

[T1]; Daffer and Kaneko [3], and many others.



Throughout this paper, (X,d) is a metric space and CB(X)is the family of

nonempty closed bounded subsets of X. Forany A, Be CB(X),

H(AB)= max{sup d{a,B),supd (b, A)},

Py be B
where d(a,B) = inf{d(a,b) :be B} is a distance from the point a to the subset B. 1t
is well known that  is a metric on CB(X) and is known as the Hausdorff metric on
CB(X).

_ We also use the following notions.
Let 71 X — CB(X) be amultvalued map and f:X — X asingle-valued map.
i} T'is called contraction [14] if there exists a constant k< (0,1) such that
H{T(x),T{) < hd(x, y), xyve X.
il) T is called f-contraction {8} if there exists a constant ke (0,1) such that
H{T (), T(yD s hd(f (0, f(y), xyeX.
1ii) 7" is called generalized f-contraction [16], if there exists a constant 2 e (0,1) such

thatforall x,ye X
H{Tx, Ty} < hmax{d ( fr, ), d{(fx, Tx),d(fy,Ty),é{d { f,Ty)+ d(fy,Tx)]}.
L

In particular, if f =1, the identity map on X then each multivalued f~
contraction map is a contraction, each multivalued generalized f-contraction map is a
general contraction defined by Daffer and Kaneko {3]. A peint x & X is called a fixed
point of T'if xe T(x) and the set of fixed points of T is denoted by Fix(Ty. A point
xe Xis called a coincidence point of [ and Tif f(x)e T(x). We denote by
C(f mT)the set of coincidence points of f and T,

A real valued function fon X is called Jower semi-continuous if for any
sequence {xh}c X withx, - xe X imply that f(x) < fim f(x,).

Kaneko and Sessa [9] have obtained the following coincidence point result for
compatible maps.

Theorem 1.1 Let (X.,d) be a complete metric space, [:X —=X and
T:X — CB{(X), be a multivalued generalized f-contraction compatible coniinuous
maps such that T(X)g f(X). Then, there exists a point x,€ X such that

Jx0e T(x,).



2. A Result
We prove a coincidence point result for non-compatible maps.

Theorem 2.1 Let (X.d) be a metric space, and let f be a continuous self map of
Xwith f(X) complete. Let T: X — CB(X) be a generalized f-contraction map
such that T(X)c f(X). Then there exists x,&€ X  such thar f{x,)e T{x,),
provided the map y — d{y,Tv) is lower semicontinuous.

Proof. Suppose f(t)e T(f), for all te X. Since T(X)< f(X) so for any xe X
there exists a ve X such that f(y)e T(x). If k=0, then we have
H(T(x),T(y)=0,

thus, T'(x) =T (y), which means that f(y)e T'(y). Now, assume that A= 0, and

choose a number ¢ with 1<c< ii Since d{f(x),T(x))=inf{d{f(x),2)l z& T(x)}, and
)

FYeT(x) then d((f).T(x))<d(f(x), f(¥)). Thus
0<d(f (x), F(3)<ed{f(x),T(x)), because c>1 and f(x)# f(y). Now, by the
definition of the Hausdorrf metric we have

d(FN.T ()< BT (0.7 ()

(1.1) < hmax{d(fx,fy),d(fx,rx),d(ﬁ;,Ty),_;—;d(fx,TyH d(fy,Tx)}}.

L
Since f(y)e T(x) then d{f(),T(x))=0. Also, if d{f(y),T(»)) is the maximum,
then we get
d(F DTS hd(F )T (),

which is not possible because O0< k<1, Thus (1.1) becomes

A(f DTS H (T, T(»)
shmax{d(ﬂx),f(y)),d(f(xwx)),—%d(f(xmyn}

We need to examine the following three cases. First suppose that

{
d(f(a\f),f(y})zmaXid(f(x),f(y)),d(f(x),T(x)),éd(f(x),'f(y))}-

Then



d{f () T())<hd(f (), £ ()
< hed{f (x),T(x))
<d{f(x).T(x)),

because ch < 1. Also, since d(f(y),(y))s hd(f(x),f(y)) then
=d{f(N.T())2=hd(f(x), F(3)

SO
d(f(x),T0))~d(f (), T2 d{f (x),T ()~ hd (F (), £ ()
zfd(fuxf(y))—hd(f(x),f(y>)

> (Z}f W (f 0o, ()
Second, suppose that
d(f(x),T(X))=maX{d(f(X),f(;v)),d(f(X),T(x}),%d(f(X),T(y})}-

Then,

d{f (). T(»))< hd(f(x),T(x))
<d(f(x),T(x))

because h<1. Also since
AT ()< hd(f (), T (1)
then,
~d(f (3. T(N)z~hd(f(x),T(x)),
thus,

d(f T ()= alf (). ()2 dlF (0,7 x)) = hd (£ (6,7 (x)
> (1= (£ (x),T(0)

> (L}ﬁ)d(ﬂx},ﬂw)

1
=AMt o)
C C

> (f; ~mdlf (0, F (),

because h < h. Third, suppose that,
¢

1 [ '
Ed(m),m)):maxf(f(x),f(y)),d(f(x),r(,r)),fid(fm,:f(y))}.

Then,



(12) d(f(y),T(y))Sgd(f(x),T(y)l

Since,

d(f (), TS d{f ), F ) +d(F )T ()

. h
since m2~ > (), then we have

27T ()5 21700, SO+ dlF )T )
50 (1.2) becomes,

AT 2 @, )+ d(F DT
thus,

J
(1—g)d(f(yxr{y))s—gd(f(x},f(y)).
Since ]—S< 1, we have

AF T < Y2l F (), F )
2 2-h
and thus,

d(ﬂy),r(y))s%%)d(f(xxf(y))
< (M ya(f(0,700)
2—h

he

since e <] and 2-Ah>1 then <1, thus

d{f (3, T(M)<d(f (x).7(x))

Also, since
OIS, 7 ()
thus
—d{F0T )2 = (7 (0, ()

hence,



af(f<x>,:r(x>)—~d(f(y>,r<y>)ad(f<x),r<x>)~(f;;)d(fm,f(y))

h
2-h

2%d(f(x),f(}’))—( Ya(F (), F ()

1
> atr, £00)
¢ 2-h

i
> (g—“h)d(f(x%f(y)),

h
because ——— < h. Thus for all three cases we have

@ dfmN.TM)<d(f0,7(x))

and
(i) d(fm,T(x})—d(f(y),’r(y))z(%—h)d(f(xmy)).

Now, by (i) we conclude that
inf d(f(0),7())=0.

Defineamap w:f(X)—> %R by
w(fin)= (-1—~h)‘”‘d(f(t),T(t)) for every re X.
o
Then ¥ is lower semicontinuous function. By using (ii) we get

(7 (), f () (f;—h)-‘d(f(xxf(x))m(—}h)‘d(f(y),'r(y))
<y (F ) —wlf ()

Thus,
w(fm)+d(F 0, F) 2 w(fn)

By [4], we conclude that there exists an element y, € X such that
wlf (o)) =infu(f0)=0.
Thus,

w(F ()= <§—h>”id(f<y@>,r<yg>)x0.

Since (l—h}" #0, then d(f(yo),T(yO)):O. Since T is closed, thus f(v,)e T(y,).
C .

This contradicts our assumption that f(#)e T(f), for all re X. Therefore, there

exists x,€ X suchthat f{x;)e T{(x,).



Remark 2.2 1) Theorem 2.1 generalizes a corresponding result due to Latif and
Beg {11] and contains a fixed point result of Daffer and Kaneko [3] as a special case,
2) It is observed that Theorem 2.1 is can be obtained from Theorem 2 in [16].

However, our proof is simple and completely different than as given in {16].
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