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ABSTRACT

In this paper, we investigate the problem of existence of positive solutions for the nonlinear

fourth order boundary value problem:

D%ty =Aa()f w@), 0<i<l,
(@ =u"®=u')=u"(1)=0,
where A is a positive parameter. By using Krasnoesel'skii's fixed point theorem of cone, we

establish various resulis on the existence of positive solutions of the boundary value problem.
Under various assumptions on a(t) and f (1(z)) , we give the intervals of the parameter

Awhich yield the existence of the positive solutions.

Key words: Fourth order boundary vilue problem, Krasnoesel’skii’s fixed point theorem,
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INTRODUCTION

One of the most frequently used tools for
proving the existence of positive solutions to the
integral equations and boundary value problems is
Krasnoesel'skii's theorem on cone expansion and
compression and its norm-type version due to Guo
and Lakshmikantham''. Very recently, Li” used
Krasnoesei'skii's fixed point theorem to prove some
existence results to the nonlinear third singular
boundary value problem:

" Aalt)f @) =0, 0<i<1,
u(=u (H=u"(13=0.

In fact, the problem of existence of positive
solutions for the nonlinear fourth order boundary
value problem has been studied by many authors
under various houndary conditions and by different
approaches. For some other results, We refer the
reader to papers of Agarwal', Agarwal, O'Regan
and Wong?, Avery, Chyan and Henderson®, Chyan
and

Henderson’, Dalmasso® and Guo and
Lakshmikantham''. The purpose of this paper is to
estabiish the existence of positive solutions to
nonlinear fourth order boundary value problem:

DY) =Aa(t)f (), 0<t<], ()
w(=u" O =u'O=u"1)=0, (2)

where A is a positive parameter. Throughout the
paper, we assume that

CL: f :[0,0¢) —[0, o) is continuous
C2: q: (0,1} —[0,20) is continuous function

i
such that fo alt )dt >0,

Here, by a positive solution of the boundary value
problem we mean a function which is positive on
(0,1y and satisfies differential equation (1) and the

boundary condition {2).
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Definition 1. Let E be a real Banach space. A

nonempty closed set K C E is called cone of E if

it satisfies the following conditions:
l. x €K, A>0 implies that Ax € K

2. x €K, —x €K implies that x =10,

Definition 2. An operator is called completely
continuous if it is continuous and maps bounded
sels into precompact seis.

The Green's function G :{0,1]x[0,1] — [(,00)
for the problem (1) — (2} is

3

(-a-sry
2 6

=530 7 =5

H 0<r <o <l
G(,s)=

P =+ 0y <r < 1.

2 6 6
Then problem (1) — {2) is equivalent to the integral
equation

u(z):fg'c;-(z,s)a(x)f(u(s))ds, 0<i <1 (3)

It is easy to verify that & is a continuous function,
and G(£,5) >0 if t,5 € (0,1). We will need the

following fixed point theorem, which is due to
g 0 P
Krasnosel'skii™, to prove some of our results.
P

Theorem 1. Let E be a Banach space and K CFE
is a cone in E. Assume that Q, and ., are open

subsets of E with 0€ Q, and Qc Q,. Let

T KN (ﬁz \Q)— K be completely continuous
operator. In addition suppose either:

HL: [Tuf <{u|, Vu €K 009, and |Tu] > |u|
Vi € K NoQ, or,

m2: ”Tu !] < ”u. “, Yu € K NIQ, and HTM “ 2”““
Yu € K N0Q, holds. Then T has a fixed pint in
K N(@:\Q,).

SOLUTION IN THE CONE

In this section, we will apply Krasnoesel'skii's fixed

point theorem to the eigenvalue problem (1) - (2).
We note that (¢} is a solution of (1} —(2)if and

only if

u(z}z,%fn'(;(z,s)a(s)f (wis)ds, 0<1 <1,

Now, we consider the Banach space
E =C10,1] equipped with standard norm

Hu [1 = ll]dX 114 (r)‘ ek,
O=r<

We define a cone P by

0<r <)

P = {u cFE: rmnu(r)>m[|uu}
where m == min {G(r §3,0<t <l} and
<y <}

M = max {G (t,8),0<r < 1}. It is easy to

D=yl
see thatif u £ P, then “u E[ ==y (1). Define an
integral operator 7" ; P -+ E by

.
Tu(r):/"tj;}(}(t,s)a(s)f ((s)) ds.

It is clear that if (C1) and (C2) hold, then

T : P — P is acompletely continuous operator.

Following Sun and Wen"* , we define some
Important constants:

£, = lim supf( “) fo= lim inf———->=

u—0" e

L) foo= lim mif( “)

U=+ 00 71 et o O I

f()

F_ = lim sup

(e8]

Here we assume that =0, if f_ — o0,

i . .
=00, 1fF, 0, —=0, if fy— o0
mA K, MAF,
and =00, il F_— 0. We assume that
mAF,, |

A :j:a(s)ds.

Lemma l. T(PYCP.
Proof. Since G(r,5) >0 and

Tu () =;Lf0'c;{z-,s)a(s)f W (s)) ds

> Am j; Lals)f (u(s)) ds

zlrﬂﬁl%ﬂ

for all ¢,5 [0.1].

a(s)f (wis) ds > ﬂwm (),
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Theorem 5. Suppose that AmAf (u) >u for
u & (0,00). Then the problem (1} and (2) has no

positive solution.

with the boundary cenditions (3). We consider
9
a(t)y=-—t" and
() 3

Proof. Assume to the contrary that 1 is a positive
solution of (1) and (2). Then

u(l) = /’LfolG (L,sYals)f @(s)) ds

TN T
£ =822
{14+u}
Then F, =f, =9, F,_ =72, f__ =63 and
Ou < f (u) <72 . We assume that m =0.123

and M = 0.333. From theorem 2, we see that if

A€(0.0143,0.037), then the problem (4), (5} has
a positive solution. By theorem 4, we have that if
A <6.5, then the problem (4), (5) has no positive
solution. By theorem 5, we have that if 4> 2.34,
then the problem (4), (5) has no positive solution.

(8 +cosu).

> L ]G(l,s)a(s)u (s)ds
A Jo

m

E%ﬂfola(s)aif ==wu{i).

This is a contradiction and completes the proof.
Example 1. Consider the boundary value
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